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The familiar definition of Liapunov systems [1] is generalized for systems with lag, The
present paper concerns a system closely related to that of Liapunov involving a small
addition periodic in 7. A theorem concerning the existence of a periodic solution is
proved, An example is investigated.
1, Let us consider the system described by equations with lag of the form
0

dx

G-l 0am@) Lt Xt tuFE e+, 1)
where g is an n-dimensional vector and 1) (#) is an n X n matrix of the functions
1,; (9) with bounded variation defined on the segment [— T, 0]; the integral is to be
mterpreted in the Stieltjes sense; X (x (9)) = { X, (z (8))} is a nonlinear functional
defined on the piecewise continuous tunctions (1‘}), — 1 < ¥ <{ 0 (with discontinu-
ities of the first kind) bounded in norm, i. e,

|z (8)] =sup (| oy (D), . . ., | 2y (B)])s ——T<ﬁ<0 (1.2)

Substituting any vector function Z (y, ) analytic in y and differentiable with respect
to 9 into the functional X (z (#)) , we obtain the analytic function X (z (y, 9)) =

= X (y).
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The functional F (¢, z (9),p) = {F, (¢, z (¥), w)} (1 is a small parameter) is a
continuous function of ¢, periodic with the period 27y, and is also a continuous function
of W |p|<p* p* >0, tc (— o, o).

Let us assume that the second Frechet derivative of the functional X and the first Fre-~
chet derivative of the functional F exist in some domain G of the space of piecewise-
continuous functions [— 7, 0] . This enables us to write

X (z(8) + 2 (9) — X (z (8) = X' (2.(3)(z (9)) + (1.3)
+ X" (2 (9) (2 (8), 2 () + w, (z (), 2 (D))

F@,z() +z20),p) —F(@¢z®),p =
= F' (t, z (0), p) (z(0) + & (¢, z (3), z(8), p)

where X', F' are linear functionals of z (®) and X’’is a quadratic functional of z (9),

lim le:E®).z @) _ lim Lol z(8),2(8), W __ o
12 (8) [[+»0 Iz @ PF T Jz@)l-o Iz@® ]
Further, let us assume that the derivatives X', F' satisfy the Lipschitz conditions in
z () in the domain G.
Let us consider the "generating” system

0
F={et+0an@ +x@e+o) (1.4)
If we take the vector segment
2 () =2z (4 9) (—T<<9<K0)

as an element of the solution, then system (1, 4) is associated in the function space B
of piecewise-continuous functions with norm (1, 2) with the following system of "ordi-
nary" differential equations with operator right side [2]:

20 — 42,(8) + R (2,(9)) (1.5)

0
Ax(v):{d’fi—i‘” for —T<Vv<0, Sx(v)dn(v) fprv:O}

Rv)={0 fo:—1v<0, X(z(v)) for v=0}

Let the characteristic equation 0
Apy=|—Er+ { eodn(e)]|=0 (1.6)
—T
have the pair of purely imaginary roots A;, = -+ wi.
Let us also assume that the remaining roots of characteristic equation (1, 6) have nega-
tive real parts,
It is shown in [3] that in this case we can introduce the conjugate variables y, j and
the vector function z;; (#) according to the formulas .7

y=flz@®, §=Flz,®), 2@ =2 —-bBy—b@®y7
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n 0 &

Pl @)1= 3 A (00) {— 2,0 + 3§ ]S

j=1 l=1—7"-0

21, (8) €199 dE [ dnyy ()] (1.8)

b(B) = (b () = (A (i) e}, d=Aun ) [T] o

Here Aj; (@i) is the algebraic complement of an element of the determinant A (@i)
situated at the intersection of the jth row and the Zth column (A, (i) == 0).
We can rewrite system (1, 5) in the variables y, 7, 2;: (¥) to obtain (1.10)

dy | dt =iy + Y, U, §, 21: (8), dj/dt = — 0if + Y, (§, ¥, 21: (8))
dzyy () /dt = Az (8) + 2y (4, §, 210 (9), 20 (8) T L f 24 ($)] =0

Here Y, Z; satisfy all the requirements imposed on X; moreover, Z, assumes real
values only, It is shown in [3] that the variables y, 7, z,; () have a one-to-one rela-
tionship with  (9), so that systems (1,4) and (1, 10) are equivalent,

We call system (1,10) a "Liapunov system with lag” if the following conditions are
fulfilled:

1) characteristic equation (1.6) has no roots of the form + Nwi (where N is an inte-

ger, including zero) other than the pair of simple roots A, , = 4 oi.;
2) system (1, 10) has a first integral of the form
yj + 81 (¥, 7, 21 () = const (1.11)

where S, is an analytic function of y, 7 and a functional of z;; (4).The order of I,
in all of its arguments in the neighborhood of the point y = j = z;; (§) = O is higher
than two,

The existence of an integral of the form (1, 11) implies that the simple case [3] of
stability of system (1, 10) applies,

Expressed in the variables ¥, 7, 2y (¥) system (1, 1) becomes

dy / dt = (’)iy + Yl (yv g’ Z1t (ﬁ)) + w Gl (t’ Y, !71 21t (ﬁ)’ p’) (112)
dy [ dt = — 0ij '1‘71 @ Yy 214 (9) + l‘-—Gl (t, T, s 200 (8), 1)
dzy, (8) [ dt = Azy (9) + Zy (y» §» 21 (8)) -+ pHy (6, 4, 7, 200 (8), 1)

where Gy, H, satisfy the same requirements as F' and where H, assumes real values only.

We shall consider the existence and construction of periodic solutions for system (1,12)
closely related to a Liapunov system with lag, The solutions to be considered become
the periodic solution of generating system (1, 10) for p = 0, A similar problem for a
system containing terms with lag in small additions only was investigated in [4],

2. Generating system (1, 10) has a family of periodic solutions [3] which depends on
the arbitrary constants ¢ and h,

Yy +ho), FE+Rc) z°um (e (2.1)
with the initial conditions y° (0, ¢) = §° (0, ¢) = ¢, where ¢ is a constant of small
absolute value, The period of solution (2. 1) is given by the formula

T:%(%_:%n(i+hzcﬁ+h4c4+---) (2.2)
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where series (2. 2) contains terms with even powers of ¢ only, We denote the first non-
zero coefficient 4, by h,,.
The relation

(I +hope+..)2n /0 =2n/m (2.3)
where /n is an arbitrary integer, enables us to determine those values of ¢ for which solu-
tion (2, 1) has the period 2%. When A, (@ — m ) > 0 Eq, (2. 3) has only two real roots
of which one is positive and the other negative [1], Denoting one of these roots by ¢,
and substituting its value into (2.1), we obtain the solution

Vi Ahoe), §+he) zum® e (2.4)
with the peried 2% / m.
Let us return to systern (1, 10), We shall attempt to find a particular solution of system
(1.1) in which 2z;; () can be expressed in series form,

le* (’ﬁ‘» y, g) = 2‘ Zli(k) (ﬁv y’ g) (zll(k) (ﬁy y7 !/_) e L) (2'5)
k=1
Here z,,(®) (¥, y,J) isa kth order form in the variables y, j.
It is easy to verify that in this case we have (2 6)
9z az'k) \ ) 3 - )
(22— gloi= 42+ @V (0, 4,5) (k>1),  QV(®, 59 =0

where Q®) (&, y, §) is a known kth order form for a fixed &k, Let

QP ®, .0 = 2 bl O, PO,y = 3 @l @)y @)
ptg=k p+g=Fk
Let us substitute (2. 7) into (2. 6). Now, equating the coefficients of the product yrye,

we obtain J (p _ q) wi — A] a’pq(k) (ﬁ) _ bpq(k) (,ﬁ.) (J(P (\'}) =g (‘ﬁ‘)) (28)
Here J is an identity operator,
We note that the spectrum of the operator A does not contain any points of the form
+ Nwi(where N is an integer) in the subspace L . Hence, operator equation (2, 8) is

uniquely solvable for q_ (*) (), and
WO i 9) C Ly a0 (9) =0

In this way we obtain series (2, 5) which formally satisfies system (1, 10), In [3] it is
shown that substitution of the functions ¥°, 7° into series (2, 5) yields a convergent series
which is the periodic solution 2z° ;. (9, c).

Let us set Z: (8) = z; (0) + z* (8, ¥, §) (2.9)
in system (1, 10), This yields (2.10)
dy/dt =iy +Y @, §,2 @), dj/dt=—o0if+Y Gy 2z @)
dzy (9) [ dt = Az (0) + Z (y, §, 2 (8), &) (Z (@, 7,0,9) =0

Periodic solution (2, 4) of system (2. 10) is
Yyt + hyc,), 7°(t + &, ¢ 2 (8) =0 (2.11)

Let us construct the equations in variations of system (2, 10) for solution (2, 11),

% = [wi + (%)0] £+ (%yy—)o E-+Y' (% 7° 0) (1 (9)) (2.12)



39 A, F.Kleimenov and S, N, Shimanov

-%z(gﬁE+f~®+(%9j®+?w2¢mﬂmw» (cont.)

( n o AN (8) + Z' (%°, 7°, 0) (, (9))

Here and below the parentheses (....)o denote substitution of solution (2, 11). It is
easy to show that system (2. 12) has a unique periodic solution of the form

d;
2 =9, 5 — % (®) = 0} (2.13)

Let us construct the "conjugate" system

s (e —(5)
A S Gl

dn,* () g
G = — AR (0) — 2 (v, §°, 0) (n/* (8)) (2.14)
dz, (9 9 n
—A*x(ﬁ):{.xgé) for 00 < SE::: )dn g (—©) for ﬁ:()}
T ]=1

The operator Z'* is defined in similar fashion, System (2.14) has a unique periodic

solurlon (%, %, n* (9) = 0)
Let us determine . Setting m; (9)=mn, * () =0 in(2.12) and (2, 14), we obtain
the following relation for the solutions:

tzx 4 EE* = const (2.15)
First integral (1, 11) for system (2, 10) can be written as
N=yjg+ Sy g 2 (¥) = const (2.16)

The order of the function'§ in all its arguments in the neighborhood of the point y =
=j= 2 (9) = 0 is higher than two, It is easy to show that the expression

g )a+( )a+S<°”0xmw»~mmt (2.17)

is the first integral of system in variations (2, 12).
Setting 1), (§) =0 in (2.17) and comparing with (2, 15), we find that as our functions

P, ¥ we can take y— (aN) ¥ = (ouv )0 (2.18)

dy o7
Now let us consider system (1. 12) after making substitution (2, 9),

dy / dat = O)ly + Y (y! .’71 2 (ﬁ)) + W G(_t_, Y g’ Zt (ﬁ)v I"')
dj | dt = — 0if + 7Y (G, ¥, 2 (8) +p G (&, ¥, 2¢ (9), 1)
dzy (9) / dt = Aze (8) + Z (y, §, 2 (8), ) +p H (¢, ¥, §, 2 (9), O, ) 2.19)

Here the functional @ and the operator H satisfy the same requirements as G,, H,.
Let us introduce the notation

Gy =G (t v §° 0,0,  Hy=H(ty° 5 0,0)
Yo (2, (9) =Y (¥° 5" 0) (xt (), Zy (x ) =Z" @° 7% 0) (z: (0))
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The function w; (¢) is the unique periodic solution of the equation

w, (B)
= Au (8)+- Z 0, () + Hy, w(®) L
Theorem, System (2,19) has a periodic solurion of period 2; which becomes
generating solution (2, 11) for & = 0 only if

o (2.20)
P = S{{Gﬁ_n (w, ('&))]( ) +1Go+ ¥y (v, (W)]( )}di 0
If, in addmon, (dl;;‘h) )h=,h +0 (2.21)

where h = h, is a root of Eq, (2, 20), then the required periodic solution is unique,
This solution is a continuous function of W.
Proof, Making the substitution

y=y%t+ h, cy) +pu(y, 7 (8) = po,; (9)
in system (2, 19), we find that the latter becomes

du [mz-;./ay)]u-;-(i’i)a+Yo'(v¢(0»+Go+»m -
- — (2.
IO e

dut('ﬂ)

3t = Av (8) + Zo' (v, (8)) + Ho -+ py
o, u, g, vt(ﬁ),p)m-—-(gy}:> : (%)ouﬁ—{-

L(BY\ _ [9G 3G\ _ 3G\ ,
+'2'<W> \ay) u-{-(ﬁ)Oa-i-(E)o*i—Go (2, (8)) +

Y’
+ <-5~y-)0 (v (M u + <7,,-—)0 (@@ a+Yo" (2,8, 2, (BN +p(...) (223
and X is defined in similar fashion,

Let usset p=20 in system (2,22), The above equation now yields v“”(ﬁ) = (§),
where w; (§) C L. Let us substitute-the vector function v§°)(x‘}) = w; (9) into the first two
equations of system (2, 22) for . = 0. The resulting system has a periodic solution u°, &°
only if (2.20). Let us assume that condition (2, 20) has been satisfied by suitable choice
of k= hy, We can show that if, in addition, we have (2, 21), then there exists a unique
periodic solution of system (2,22), Along with system (2,22) we consider the ancillary
system duy

L —[or 4 (S5) ]+ (55 ), 31+ Y (04,09 + Go - p0 4 W

Here

duy 3y A AW P — _
= "é'fy— 0u1+ —oi 4 “‘6‘5— A uy -+ Yo (Z’lt(ﬁ'))-*-Gg—f—p.(D-{-W(P* (22!{)
dvy, () &

o =Av () -+ Z (0, (8N HoLpy, W=— 2—%3 (O + D) de
0
o2n

_ o k=l v repa

0

3y° ¢ dT 0y°
(p*:<6c +T 0h>

The quantity 7 is defined by (2. 2).
Ancillary system (2, 24) is constructed in such a way that it always has a periodic
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solution. This solution can be obtained by the method of successive approximations,
Let us take W(® = 0 and the functions w,°, @°, v14°(®) = w; (%) defined above as our
first approximation, We can express the solution u,° in the form

w® = My + Li(t, Go + Yo'(w, (), Go -+ Yo'(w; ()
Here L, is a completely defined bounded operator, M is an arbitrary constant, and the
function ¢ is defined in (2, 13).
The mth approximation can be determined from the system

du, (™ Y 8Y
= ["’i + (73y_>0]“1(m) + <_6y7>0 8™ 4 Yo (2,4™ () + Go + p@™ D 4 Mg

dt
di,(™ Y . oY v
B (5E), w4 (L), | ™ 4 7 i+
+ Go+ p@ D + WM (2.25)
v (™ (&
L3t O 40, M 0) -+ 2 (0™ O+ Ho g™
27
wm — inﬁl? S [@(M~Dyp 1 Hm-Vp] de

0
Here the superscript m — { accompanying the quantities @, y denote the substitution
of the (m — 1)-th approximation, From system (2,25) we obtain

2, 4™ (@) = w, (8) + La (2, B,u ™)
W™ = M@ + L1 (1, Go+ Yo' (v,,(™ (8)), Go+ ¥’ (0™ ON+La (£,0D™ Y - Wil

uq—)(m-l) + W(‘m)(—p*)
where .L, is a bounded operator,

Carrying out the appropriate estimates we can show that for a sufficiently small |p|
the sequences {u ™}, {W'™3, {v;{™(8)} converge uniformly to certain functions u,*
(¢, M, p), W* (M, p) and to the vector segment »,"(M, ¥, n).

System (2, 22) has a periodic solution if and only if

an
W* (M, p)= ——”—( [@* 4 D*Pp] dt =0
(M, W)= —5ag S -
0

D* = O (1, ur*, Dy, uy* (), p) (2.26)

Recalling the form of the functional ® (2.23) and carrying out some simple but cum-

bersome transformations, we can reduce Eq, (2, 26) into
Md—~—Pd(hh) +RAp(.)=0 (2.27)

where the function is defined in (2,20) and R is some completely defined constant, If
condition (2, 21) is fulfilled, then Eq, (2. 27) is uniquely solvable for M for sufficiently
small || by virtue of the implicit function theorem ; moreover, M is a continuous func-
tion of p in the neighborhood of the point p = 0. This means that system (2, 22), and
therefore system (2, 19), have a unique periodic solution,

Systems (2. 19) and (1, 1) are equivalent, which solves the problem of existence of a
periodic solution of system (1, 1),
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The required periodic solution can be constructed by means of the same procedure as
that used to prove the theorem, The difficulties having to do with the determination of
the periodic solution of adjoint system (2, 14) are avoided, since this solution is deter-
mined in the explicit form (2, 18),

8, For example, let us consider the system described by the equation

dz (1) - .
— =z () + asz (¢ — ) 4 Ty2® + 1 (a sin mt + dsin Zmt) (3.1)
where 0
o o .
n=0dgor, a=—r-—, ylzms z(t+ ) sino(r+ ) dd

It is easy to show that the generating system is (for p = 0) a Liapunov system with

lag, since it has the first integral 0y + 912 — Ysyoy® = const

and since the characteristic equation of the linear part of system (3, 1) has a pair of pure-~
ly imaginary roots A;, = = @i, while the remaining roots have negative real parts,
The functional f [z, (#)] and the function b (#) defined by formulas (1. 8) and (1, 9)
in this case become — (08
® . .
Ne@ =0+ grmr e | c@ e, ) = e e
0
Making substitutions (1. 7), we can rewrite system (3, 1) as
- 0 - 2
d /Yo Vy -
%:miy + L—,’}n—tﬂ— S 2 (0) sin @ (v + ) dd + 5 (y — y)] +
+ p (a sin mt 4 d sin 2mt)
-0 - 2
() Vi .
i =0l + [S}Q(’M S 2y, (8)sino (v +0)db - —5— i (¥ —y)l =+

-+ p, (a sin mt +- d sin 2mt)
dzy, (0) _ _
—gr = A2 (0) + Rz () +0(Hy + b () y] 4 1S (¢, 9) — (3.2)
- 0 _ s
) %—5(0)1{[53/71,‘% S 53, (8)sin o (v - 9) b + —‘/2—71'«7—1/)] +

-+ (asin mt 4 dsin th)}

where i (9)

dd

Ax(q‘}):{ for —1<<9<C0, a1z (0) + a2z (— 1) for 1’}:0}

0
2
To?

R(x(ﬁ)):{o for ——r<1’)<0,m<g w(t+ﬁ)sinm(r+ﬁ)dﬁ> for 0:0}

S =0 for —T<<HO, B (asin mt +dsin 2mt)  for & =0}

We shall attempt to find a particular solution z; (8, y, #) of the form (2, 5) for the
generating system (system (3.2) for p = 0), Solving operator equations of the type
(2.8), we obtain 2% (9, y, §) = z, (9, 5. 5) + 2z, (0. 4, 7) + ...

23 (O, ¥y 7) = a0 (O) 42 + a0 (8) y7 + apy (B)F? (3.3)
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. (cont,)
a (ﬁ) — ¥ sin are? 8 v Bime e_.img
VT 4o (08 20T — cos oT) - i (25in 0T — sin 2oT) T he TR W)
__ysinot oy (e omed
an (%) = 20 (1 — cus @T) 201 < K T %
- Ot .
a2 (0) = azo (9), K=1— Thot it
Let us make the substitution
2y (8) = 2, (8) + 2 (8, . 7) (3.4)

in system (3,2) and set z (3) = 0 in the resulting generating system, This yields a sys-
tem of ordinary second-order differential equations,

dyldt = oiy + VVyiG —y) + .12 (3.5)
dj/dt = —oif + Vyi@ —y) + ... B

The terms not written out in the expressions in square brackets begin with a third-
order form in y, #, since simple computations show that
0
S apq(ﬂ)sinw(r+0)d1‘}:0 (p+a9=2)
—T

The substitution
y=u+ yy(u, 8) + yy (u, 3) + ...

T o,
Yo (u, ) = Fo ¢ (u? 4+ 2ui — Ysiz2)

ys (1, B) = — =z (u? 4 5ua? + 1,a?) (3.6)
transforms system (3, 5) into
du/dt = wiu — 5127?01 a4 ... 3.7)
dii/dt = —oid + 3/y?0 iug? — ...
System (3, 7) has a family of periodic solutions
u=c® @=Q@(t+h, Q=0 —"hoTe+ . . (3.8)

which depends on the arbitrary constants ¢ and 4. The period of solution (3, 8) is given
by the formula

2n 5y?

T(c)=-;)—(1+ ot 24, . .>

The equation T (¢) = 2n/m for ® > m yields the two real roots c,, Generating solu-
tion (2. 11) is of the form ) {

Y° (¢ +h, o) = cpel™HM -2-%' ic,,f(i g BN — e"mm(“h)) +oem?(...) (3.9

The first integral of (2. 16) for z; (8) = 0 is

- Ti
H=yj+ 5 #—y)P+...=const

where the unwritten terms do not contain fourth~order terms in the variables y, § .

Formula (2, 18) yields P =30 — Yayio™ §° — v + ...

Equation (2,20) for determining 4 is

v

in mh {1 ) G i 2mh 4¢3 =0 3.10
asinm —24m2°+"')+3m°°°s"" c(..)= (3.10%
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Solving Eq, (3, 10) for 2, we obtain
dy
h——:-—mc +e3(. ..}

Substituting the resulting value of & into formula (3, 9) and the resulting expression
for y° into formula (3. 3), we obtain the first approximation of the required periodic solu-~
tion of system (3, 2), The formula

z° (8 = 21" 8) + & (B)y° + & (9)y°
yields the first approximation of the periodic solution of system (3, 1), Computation of

the subsequent approximation is not difficult, The expressions involved are extremely
cumbersome, however,
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A STUDY OF NONLINEAR SYSTEMS OSCILLATIONS

PMM Vol, 33, N3, 1969, pp.413-430
K.G.VALEEV and R, F, GANIEV
(Kiev)
(Received October 22, 1968)

A procedure for investigating oscillations based on the small parameter method is descri-
bed, The proposed procedure involves the use of nonlinear difference equations of spe-
cial form, A mathematical justification of the procedure will be found in [1]. It consists
essentially in the construction of an ancillary system of differential equations whose
solution coincides at certain instants with the solution of the initial system, Applications
considered include cases of resonance in quasilinear systems. A first-approximation in-
tegral stability criterjon for periodic and almost-periodic solutions is derived,

1, The difference equations, Let us consider the following system of dif-
ference equations of order m:
Xpu — Xn =p¥ (Xp, np,p) (n=0,1,2..) (1.1)
We assume that the right side is differentiable a sufficient number of times with respect
to all of its arguments in some domain containing the solution X ,. We also assume that

the parameter p is small and that W >> 0. Let us turn from (1. 1) to a more general
system of difference equations, introducing the ancillary vector function Z (T, ) such

that Z (np, w =X, (n=0,1,2..) (1.2)



